An error model with asymmetric single magnitude four error is considered. This paper is about constructions of codes correcting single error over Z 2 a 3 b r . Firstly, we reduce the construction of a maximal size B 1 [4](2 a 3 b r) set for a ≥ 4 and gcd(r, 6) = 1 to the construction of a maximal size
As usual, eH t is called the syndrome of e. Let S H,E = {eH t |e ∈ E} be the set of syndromes. We require these to be all distinct, i.e., |S H,E | = |E|. When this is the case, the code is able to correct all error patterns in E. Moreover, x∈CH {x + e | e ∈ E} is a disjoint union.
For h = 1, that is H = (b 0 , b 1 , · · · , b m−1 ), the error patterns we consider are E λ,m , the set of sequences (e 0 , e 1 , · · · , e m−1 ) ∈ [0, λ] m of Hamming weight at most t. Considering sets B = {b 0 , b 1 , · · · , b m−1 } of distinct positive integers such that the corresponding syndromes S =    m−1 j=0 e j b j (mod q) | (e 0 , e 1 , · · · , e m−1 ) ∈ E λ,m    are distinct. This is called a B t [λ](q) set, see [6] . The corresponding code we denote by C B , that is
The construction of a maximal size B 1 [3] (2 a r) set, B 1 [3] (3 b r) set and B 1 [4] (3 b r) set can be found in [7] .
Several construction of maximal size B 1 [4] (2 a r) sets can be found in [15] . In this paper, we will discuss maximal size B 1 [4] (2 a 3 b r) sets. In Section II, we reduce the construction of a maximal size B 1 [4] (2 a 3 b r) set for k ≥ 4 to the construction of a maximal size B 1 [4] (2 a−3 3 b r) set. In Section III, we consider the construction of a maximal size B 1 [4](8 · 3 b r) set. In section IV, a lower bounds of maximal size B 1 [4] (12r) set is given by a maximal size B 1 [4] (2r) set. Finally, we give a lower bounds of maximal size B 1 [4] (2 · 3 b r) sets in Section V.
II Maximal size B 1 [4](2 a 3 b r) set
For q = 2 a 3 b r with gcd(r, 6) = 1, we will introduce a result reducing the construction of a maximal size B 1 [4] (2 a 3 b r) set for a ≥ 4 to the construction of a maximal size B 1 [4] (2 a−3 3 b r) set in this section. We first describe the following notations.
For any positive integer l coprime to d, let ord d (l) be the order of l in Z * d , that is,
For m ∈ Z * d and d a divisor of q, we let β = mq/d. For gcd(ml, d) = 1, define the cyclotomic set
Then |σ l (β)| = ord d (l).
Define M 4 (q) to be the maximal size of a B 1 [4] (q) set. For a positive integer q = 2 a 3 b r with gcd(r, 6) = 1 and d | r, let
Then
If a ≥ 3, we consider the following disjoint decomposition:
Similarly, if b ≥ 3, we have the following disjoint decomposition:
T heorem 1 : If a ≥ 4 and gcd(r, 6) = 1, then we have
P roof : Note that a ≥ 4. Let Then |2S| = 2 a−3 3 b r. Similarly, |3S| = |4S| = 2 a−3 3 b r. For any
x is either x ≡ 1 (mod 4) and 2 a−2 3 b r < x < q or x ≡ 3 (mod 4) and 0 < x < 2 a−2 3 b+1 r.
We see that
On the other hand, firstly we note that at least one of x, 2x, 3x, 4x belongs to L 2 for any
In this section, we reduce the construction of a maximal size B 
Finally, for any x (j−1)d ∈ S (j−1)d and x jd ∈ S jd , one has
It is similar to the proof of Theorems 1, the set B is a maximal size
Lemma 1 : ([7], Lemma 5) a) For d = p e1 1 p e2 2 · · · p es s with p i distinct primes not diving l, we have ord d = lcm ord p e 1 1 (l), ord p e 2 2 (l), · · · , ord p es s (l) .
b) If p is a prime not dividing l and l ord p (l) − 1 = p µp a, where gcd(a, p) = 1, then
p k−µp ord p (l) if k > µ p , p = 2 and l ≡ 1(mod 4), p k−µp ord p (l) if k > µ p and p > 2, 2 if p = 2, l ≡ 3(mod 4) and k = 2, 3, 2 k−2 if p = 2, l ≡ 3(mod 4) and k > 3.
T heorem 3 : Let n = ord d (2) and n 1 = ord 3d (2). (1)If n is odd, then
if 3 | n.
(2)If n is even, then
P roof : For any d | r.
For any x, we write η = xr/d (hence the value of η varies with x). Let Γ 3d be a set of coset representatives of the group generated by 2 in Z * 3d .
• If d = 1, then M ′ 4 (3) = 0.
• d ≥ 5.
(1)Since n is odd, then n 1 = 2n.
(i) If 3 ∤ n, then we choose
which implies that |i − i ′ | = n 3 and it contradicts to 3 ∤ n. Therefore,
(ii) If 3 | n, then we choose
For distinct elements y 1 , y 2 ∈ T d . If
, similar to (i), we have 3y 1 ≡ 3y 2 (mod 3r). On the other hand, for 2 3i η, 2 3i
then |i − i ′ | = n±1 3 and it contradicts to 3 | n. Therefore,
It is easy to verify that there do not exist distinct elements y 1 , y 2 ∈ T d such that 2y 1 ≡ 2y 2 (mod 3r) or 4y 1 ≡ 4y 2 (mod 3r). Hence 2T d , 3T d and 4T d both have the same size as T d . Obviously,
Consider case (i) and (ii). We can choose at most one element from the quadruple {2 i η, 2 i+1 η, 2 i+2 η, 3 · 2 i η}(mod 3r).
Suppose that we can choose exactly one element from each quadruple. First we note that 3 · 2 i η ≡ 3 · 2 i+n η (mod 3r), then we can not choose 3 · 2 i η, if we do, none of 2 i η, 3 · 2 i+1 η, 3 · 2 i+2 η, 2 i+1+n η, 2 i+2+n η can be chosen. Then the only choice for a subset of U = {2 i η(mod 3r) | 0 ≤ i < n 1 } with 2n 3 element. However, if 3 | n, then the set 2 3i η(mod 3r) | 0 ≤ i < 2n 3 contains both η and 2 n η. Therefore, it is not a valid choice. Hence, in case (ii) we can not find a valid subset of U with 2n 3 . On the other hand, is is possible to find a subset of U with 2n−3 3 elements. Therefore,
(2)Since n is even, then n 1 = n.
• For d = 5, we have n = 4 and M ′ 4 (15) = 2 = 2 · 4 3 .
• For d = 11, we have n = 10 and M ′ 4 (33) = 6 = 2 · 10 3 .
• For d = 5, 11, if 2 s · 3 ≡ 1 (mod d), then 3 ≤ s < n − 2. We can choose
Similar to (1), we can choose at most one element from the quadruple
We can not choose 3 · 2 i η, if we do, none of 2 i η, 3 · 2 i+1 η, 3 · 2 i+2 η, 2 i+1+n−s η, 2 i+2+n−s η can be chosen. Hence, 2 3i η (mod 3r) | 0 ≤ i < n 3 is a valid choice and so
IV 
Hence |A| = 2r and never affect the choice of vertices from U 11 and U 21 .
We note that if B 1 is a maximal size B 1 [4] (2r) set, then 6B 1 is a B 1 [4] (12r) set and
Then, together with Lemma 2, the assertion can be proved.
Example 1 :
• 
P roof : Let α = r/d and
Firstly, for any x ∈ A, we have 3 ∤ x and A ∩ 3A = ∅.
Checking binary parity we can get A ∩ 2A = ∅, A ∩ 4A = ∅, 2A ∩ 3A = ∅ and 3A ∩ 4A = ∅.
Clearly, if d = d ′ , then
Indeed, the following holds for any x d ∈ A d 1) 2α < 2x d ≤ 2α + 3 b−1 r and 4 ∤ 2x d ;
2) 2α + 4 · 3 b−1 r < 2x d (mod 2 · 3 b r) ≤ 2 · 3 b r and 4 | 2x d (mod 2 · 3 b r); 3) 4α < 4x d (mod 2 · 3 b r) ≤ 4α + 4 · 3 b−1 r and 4 | 4x d (mod 2 · 3 b r); 4) 4α + 4 · 3 b−1 r < 4x d (mod 2 · 3 b r) ≤ 2 · 3 b r and 4 ∤ 4x d (mod 2 · 3 b r).
Then |S| = d|r ϕ(2 · 3 b−2 d) = 2 · 3 b−3 r. For any y ∈ S, we have 2|y, 4 ∤ y, 3|y, 9 ∤ y and 4y < 2 · 3 b r which implies that k 1 S (mod 2 · 3 b r) ∩ k 2 S (mod 2 · 3 b r) = ∅ with k 1 , k 2 ∈ {1, 2, 3, 4} and k 1 = k 2 . Let S b be a B 1 [4] (2 · 3 b−3 r) set. Define
It is easy to verify that B is a B 1 [4] (2 · 3 b r) set of size M 4 (2 · 3 b−2 r) + 8 · 3 b−3 r.
